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Computing Vertex-PI Index of Single and Multi-walled Nanotubes
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The vertex PI index of a molecular graph G, PIv(G), is defined as PIv(G) = (e=uv(E(G)[nu(e|G) + nv(e|G)], where nu(e|G) is the number of vertices of G lying closer to u than to v and nv(e|G) is the number of vertices of G lying closer to v than to u. In this paper, the vertex PI index of some single and multi-walled nanotubes are computed.
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1. Introduction

The carbon nanotubes discovered by Iijima [1] have many interesting properties. Carbon nanotubes occur in two distinct forms, single-walled nanotubes (SWNT), which are composed of a graphene sheet rolled into a cylinder and multi-walled nanotubes (MWNT), which consist of multiple concentric graphene cylinders. 


Let G be a molecular graph, the vertex and edge-sets of which are represented by V(G) and E(G), respectively. A topological index of G is a real number related to the molecular graph of G. It must be a structural invariant, i.e., it does not depend on the labelling or the pictorial representation of a graph. The Wiener index W is the first topological index proposed to be used in chemistry. It was introduced in 1947 by Harold Wiener for characterization of alkanes. This index is defined as the sum of all distances between distinct vertices, see [2]. The vertex PI index [3] is a new topological index proposed by the present authors. It is defined by PIv(G) = (e=uv(E(G)[nu(e|G) + nv(e|G)], where nu(e|G) is the number of vertices of G lying closer to u than to v and nv(e|G) is the number of vertices of G lying closer to v than to u. 


The goal of this paper is to prepare a new method for computing the vertex PI index of nanotubes. Using this method the vertex PI index of polyhex nanotubes and nanotori are computed. We also compute this new index for TUC4C8(S) nanotubes and nanotori and some special class of TUC4C8(S). Throughout this paper, we only consider molecular graphs of nanotubes. Our notation is standard and taken mainly from [4,5]. 

2. Results and Discussion

In this section, the vertex PI index of some special classes of nanostructures are computed.  Suppose T is a graph with edge and vertex sets E =E(T) and V = V(T), respectively. Define N(e) = |E| ( (neu(e|T) + nev(e|T)), where e ( T. Then PIe(T) = |E|2 ( (e(EN(e) is called the edge PI index of T, [6]. Some of the present authors [7-11] computed PIe(T) for a large class of nanostructures. To find a general formula for the edge PI index of product graphs, we proposed a new topological index named “vertex PI index”. So, it is natural to ask about vertex PI index of nanotubes and nanotori. We encourage the reader to consult papers by Diudea and co-authors [12-17] for background material related to nanotubes and nanotori. 

We first introduce some definitions. A graph G is called bipartite, if the set of vertices of G can be divided into two disjoint sets U and V such that no edge has both end-points in the same set. The girth of a graph is the length of the shortest cycle contained in the graph. The following theorem is crucial for our results:

Theorem. Let G be a graph. Then PIv(G) ( |E(G)||V(G)| with equality if and only if G is bipartite.
Proof. Clearly, PIv(G) = (e=uv(E(G)[nu(e|G) + nv(e|G)] ( (e=uv(E(G)|V(G)| = |V(G)||E(G)|, which completes the first part of our theorem. If G is bipartite then G does not have cycles of odd length and so nu(e|G) + nv(e|G) = |V(G)|. Thus PIv(G) = |V(G)||E(G)|. Conversely, suppose that PIv(G) = |V(G)||E(G)| and G is not bipartite. Then G has a cycle of odd length. We assume that G has girth k and choose T and e = xy such that T is a cycle of length k and e is one of the edge of T. Then nx + ny < |V(G)|, a contradiction. This proves the theorem.                                     (

A molecular graph G = (V,E) is k-colourable if there exists an labeling of the vertices V with colours {1,2,…,k} such that for each edge uv of E the colour of u and v differ. Clearly any graph may be coloured with |V| colours. If a graph is bipartite then we can use just two colours - one colour for each partition V1 and V2 of V. By Figure 1 one can see that the molecular graph of TUC4C8(S) nanotubes are 2-colourable. So, every TUC4C8(S) nanotube is bipartite. 
Corollary 1. If G is the molecular graph of a polyhex nanotube then PIv(G) = mn, where n is the number of carbon atoms and m is the number of bonds of G. 

Proof. Since by result of Diudea and co-authors [12,13] the molecular graph of a polyhex nanotube is bipartite the result is follows from our main theorem.         (
Corollary 2. Suppose G is the molecular graph of TUC4C8(S) nanotube. Then PIv(G) = mn, where n is the number of carbon atoms and m is the number of bonds of G. 

Proof. By Figure 1, the molecular graph of TUC4C8(S) nanotube is 2-colourable and so bipartite and the result is follows from our main theorem.                       (
Since the molecular graph of a multi-walled nanotube G is the union of the molecular graph of some nanotubes, A1, A2, …, An, PIv(G) = (1(i(nPIv(Ai). Thereofre, the vertex PI index of a multi-walled nanotube is calculable by Corollaries 1 and 2.
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Figure 1. The 2-Dimensional Lattice of TUC4C8(S) Nanotube. 

   3. Conclusions

The vertex PI index of a molecular graph G, PIv(G), was defined as PIv(G) = (e=uv(E(G)[nu(e|G) + nv(e|G)], where nu(e|G) is the number of vertices of G lying closer to u than to v and nv(e|G) is the number of vertices of G lying closer to v than to u. The vertex PI index of some single and multi-walled nanotubes were computed.
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