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In this paper, the problem of propagation of a self focused channel (optical beam) at an interface separating a thin film of 
gallium nanoparticles and monomode optical fiber has been solved. This interface is formed by two nonlinear media and 
has a step like inhomogeneity. The analysis has been made by applying the perturbation theory for solitons based on the 
inverse scattering technique. We also study the scattering of beam in the adiabatic approximation and radiative effects 
stipulated by the soliton scattering. A soliton solution of the nonlinear Schrödinger’s equation has been obtained and the 
reflection and transmission coefficients of the beam (the NLSE soliton) are calculated by the Born approximation of the 
perturbation theory for a single nonlinear interface. 
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1.  Introduction  
 
The nonlinearity created by light induced structural 

phase transformation in gallium has now become a subject 
of special interest. A large reflective nonlinearity can be 
achieved through optically induced phase transition in 
nanoscale layers of gallium nonoparticles fabricated on the 
tip of an optical fiber [1, 2]. The theory of reflection and 
transmission properties of nonlinear wave packets at an 
oblique angle to the interface separating two nonlinear 
dielectric media has been described by a number of 
authors [3, 4]. However, the boundary value problem at an 
interface with structural phase transformation induced 
nonlinearity of gallium like materials is a new one. 

The problem of soliton propagation at such an 
interface has been discussed previously [5, 6] by using 
equivalent particle theory. But the spectral density of 
radiation generated during such a scattering was not 
analyzed, because the similar effects are beyond the 
equivalent particle theory of beam propagation. The 
purpose of this paper is to study the radiative effects 
accompanying the nonlinear beam scattering by an 
interface between a monolayer of gallium nanoparticles 
and monomode optical fiber. The medium 
inhomogeneities induced by interface are considered as 
perturbation in the NLSE. The analysis of nonlinear 
reflection coefficient of the optical beam in the region of 
the validity of the NLSE is the main result of this paper.    

     
2. Gallium as a nonlinear material 
 
For achieving optical nonlinearity in Ga-Si interface, 

we have discussed the properties of Ga and light-induced 
phase transition mechanism in Ga-Si interface. The model 
of such an interface is shown in Fig. 1. 

 
Fig. 1 Interface of thin layer of gallium nanoparticles on 

the core of monomde optical fiber. 
 

 
Gallium has some useful properties which may be 

applied to the nanoscale nonlinear optics [7,8]. It has 
polymorphic forms called Ga-I (α–gallium) with 
metastable phases β, δ, ε, γ; Ga–II; Ga-III and Liquid 
Gallium, which have been seen in X-ray experiments.  The 
‘metallic’ behavior of Ga-II and Ga-III is similar to those 
of liquid gallium. 

When laser beam of appropriate intensity is incident 
on the film of gallium nanoparticles, phase transition takes 
place and α-gallium in its ground state converts into its 
metastable state. Therefore the reflectivity or nonlinearity 
of the interface increases [1]. The nonlinear constitutive 
equation for the electric field displacement 
is (3) 3D E Eε χ= + +higher terms. In this equation  

    

            

2 3
( 3 ) (Im ) a

h
ε τχ =

          
      (1) 

 
is the cubic nonlinearity [8] where a is the thickness of the 
metallic layer. τ is the excitation’s relaxation time. It is 
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determined by the time taken for the metastable high 
intensity phase to the low intensity phase [9].    
 
               τ relaxation=τ thermal+τ recrystallization 

 
τ thermal is the time for the particle to return to its initial 
phase, it is of order of picoseconds and τ recrystallization 

depends upon the overcooling of phase, is of order of 
microsecond. So this time is in the picoseconds – 
microsecond range. In Eq. (1), (Im )ε is the imaginary 
part of dielectric constant of metallic phase    
( 115.3 98.4)iε = − − [10]. As gallium is a Kerr-like 
dielectric media, So, Let the refractive index of gallium is 
given by           

                                                                                   
  

    
22 2
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Where n0 is linear part (intensity independent part) and 

0α is nonlinear part of refractive index given by   
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Where c is velocity of light and effε  is the effective 
dielectric constant which is calculated by Maxwell – 
Garnet effective medium theory [10] as      
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Where extε =1 (dielectric constant of surrounding), intε = 

– 115.3 – i 98.4 (dielectric constant of liquid phase of 
gallium nanoparticles),q = volume filling factor of the 

film. For spherical nanoparticles, is found to be     
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Now Eq. (3) becomes 
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Fig. 2. Gallium’s nonlinearity as a function of effective 

geometrical factor.   

Its variation with effective geometric factor A is shown in 
Fig.2, which shows that the nonlinearity of gallium 
nanoparticles increases with effective geometrical factor 
and attains a constant value after a certain range of shell 
thickness for a constant value of size of nanoparticles.                            

The soliton propagation characteristics in a 
monomode optical fiber are also functions of interface 
nonlinearity which may depend upon light induced 
structural phase transformation effects, as we have 
considered here for a layer of gallium nanoparticles. In the 
next section a formulation of the theory of soliton 
propagation from gallium nanoparticle film at monomode 
optical fiber has been presented. 

 
3. Formulation of the problem  
 
Let us consider the propagation of a collimated beam 

of light at the adjoining nonlinear dielectric media. One is 
a thin film of gallium nanoparticles and other is a 
monomode optical fiber. Two optical media differ by 
refractive indices and depend on the electric field E as   
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Fig.3 Interface configuration for an interface separating 
thin film of gallium nanoparticles and monomode optical 

fiber. 
 
 

The propagation of the transverse electric wave is 
described by the wave equation      

                   
2

2
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Two equations for each medium can be considered as a 
single one but with the step like potential        
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where ( ) 2
0 11 0 02 ,/B 2n nα α α= Δ =− − . In the first 

medium (gallium nanoparticle film) U=0. So an exact 
solution of Eq.(7) is a NLSE soliton 
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Where 2η and 4ξ are its amplitude and velocity 
respectively, is the phase and 2 24( )tδ ξ η= −( ) t

0 ( ) 4x t tξ=− is the coordinate.  
The velocity of the soliton envelope ( )2 /ξ β

i

is 

proportional to the sine of the angle of incidence ψ  so 
velocity of soliton is 4 2 sinv iξ β= = ψ  and its 
amplitude (2 )η is proportional to its power,  
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 (10) 

 
Where 4η is the value of the integral motion of the 
NLSE, which has a meaning of a number of photons 
bound in the soliton as a bound state. Its amplitude is 
given by 2 2

0 02 / 4P nη α β= = −       
The reflection coefficient as a ratio of the incident beam 
power Pi to the power of the reflected beam Pr 

 
         R = (Pr/Pi)=(Nr//Ni)                  (11)       

                  
And the transmission coefficient T is  
 

T=1-R     (12) 
 

4. Formalism of the soliton perturbation  
     theory 
The slow change of soliton parameters can be 

described in the framework of so called adiabatic 
approximation, assuming that the beam shape is still 
defined by the expression (9) but its parameters are 
changed. The corresponding equations for the NLSE 
soliton parameters can be expressed as 
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Here ε <<1. Now we use the soliton perturbation theory 
based on the inverse scattering technique [11] to calculate 
the adiabatic shape of the soliton solution. The reflection 
coefficient of the nonlinear light beam from the interface 
is calculated and for (i) b<<1 it has form  
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Where  ξη=b   and  2

0 8 42
R

ξ
Δ= . It corresponds to the 

so-called ‘light soliton’ or a small power beam and for (ii) 
b>>1, the case of a ‘heavy soliton’ (large power beam) is 
characterized by exponentially small emission due to a 
large bound  energy of soliton  
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Fig.4(a) shows variation of reflection coefficient with 
parameter ( /b η ξ=  at a constant power level. From this 
curve we observe that as the angle of incidence increases, 
the reflection coefficient decreases upto a very small 
extent and Fig.4(b) shows that on keeping angle of 
incidence constant, the peak of reflection coefficient shifts 
toward smaller values of b with increase in 

 
a) 

                
   b) 

 
 

Fig.4 Dependence of beam reflection coefficient on the 
parameter ( /b )η ξ=  (a) for various angle of 

incidence and (b) for various power levels with P1< P2< 
P3< P4. 

 
power of incident soliton. So we can obtain high reflection 
for large power beams. Hence high reflection is achieved 
for high power beam, incident on the interface at smaller 
angles; these results are experimentally justified [12]. Here 
n1=2.93, n0=1.5, β=4.3, B=2(α1-α0)/α0=0.26, 

22 2.22Bγ η= Δ =  and P is the power of incident 
soliton beam.  
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5.  Beam scattering by an interface   
 
Here the incident soliton envelope is treated as a 

particle whose position is given by x0(t). The change in 
refractive index at the interface gives rise to a perturbative 
potential U(x0) shown by Eq.(8). The adiabatic 
approximation gives us an equivalent particle motion in 
the external potential [13].

( )2 3( ) (1 tanh ) 2 0.66 tanh (tanh ) /3V r r B r rη=Δ + − + −
 The shape of potential is described in Fig.5. This potential 

shows step like inhomogeneity of two nonlinear media. 
 

 
 

Fig.5 Shape of effective potential for the interface 
between gallium nanoparticles and monomode optical 

fiber. 
 
 

6. Results and discussion  
 
From Fig.5, we observe that  
6 a. Maximum and minimum points are obtained at 

0tanh 1r γ= ± − . Their existence means the possibility of 
the capture of a soliton by the interface i.e. the 
transformation of an input self-focused channel into a 
trapped stationary nonlinear surface wave. Since these 
points are obtained at the interface, it represents the 
trapped NSW slightly displaced from its stable equilibrium 
position undergoing oscillations in the vicinity of the 
interface. 

6 b.  The dependence of the refractive angle ( tψ ) on 

the incident angle ( iψ ) is determined by an expression   
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The beam is always transmitted by the effective potential 
which is shown by Fig. 6. 

 
Fig. 6. Variation of sin2

tψ as a function of its input 
power for various values of input beam angles. 

 
 

This curve shows that all the beams which are 
incident at an angle greater than (30.37°) will be 
transmitted by the interface. It is also observed that for a 
constant angle of incident the angle of refraction increases 
with increase in intensity (power) of incident beam.  

   6 c. For angles smaller than (30.37°) there is a 
threshold power, above which beam is transmitted to the 
second medium (optical fiber). This threshold power is 
determined either by the condition  

)4/()36/(for
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           i.e. the result is  2 2
00.75( 4 ) /thr Bη ξ= Δ− , in a 

range (11.400 < iψ  <30.370) or by the condition      
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In this range graph is plotted between  and tψ2sin η  
(power of incident beam) in Fig.7, which shows existence 
of threshold power.  

 

                     
               

Fig.7.  Variation of sin2
tψ as a function of its input power 

for
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The fact that the transmitted beam angle is equal to 
zero for 

thrξ ξ< (or 
thrη η< ) does not mean that there is no 

l

eans of the perturbation theory for 
soli igated the scattering of optical 
beam

field in the right medium at all. In the adiabatic theory we 
can predict on y the propagation of the main self-focused 
channel -a beam of the soliton like form. When this beam 
is reflected by the interface, a portion of its energy is 
transmitted by it, whose power turns out to be a small 
quantity. These effects are described by radiative effects. 

 
7. Conclusions  
 
In conclusion,, by m
ns we have investto
s by nonlinear interface between gallium 

nanoparticles and monomode optical fiber. It is found that 
if angle of incident is greater than 30.370 the beam is 
always transmitted and for smaller angles there is a 
threshold power above which beam is transmited in the 
fiber medium. The solution of NLSE in the form of the 
nonlinear self-focused channel is a soliton solution and the 
interface is considered as a perturbation. In the framework 
of the Born approximation of the soliton perturbation 
theory we have calculated the soliton reflection coefficient 
which is a function of beam power and angle of incidence 
of optical beam on the interface. It is found that for small 
values of ( )/b η ξ= reflection coefficient increases with 
increase in intensity and decreases with increase in angle 
of incidence of so n. This result is experientially proved 
[12]. It decreases exponentially with growth of intensity 
for b>>1. These results are useful for building of all-
optical integrated devices using interfaces, e.g, optical 
limiters, bi-stable switchers, upper and lower threshold 
devices, etc. 
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